Evolutionary Semigroups and 
Lyapunov Theorems in Banach 

Spaces 



Yuri Latushkin 
University of Missouri, Columbia, Missouri 65211 

and 

Stephen Montgomery- Smith [] 
University of Missouri, Columbia, Missouri 65211 

1. Introduction 

Let us consider an autonomous differential equation v' = Av in a 
Banach space E, where A is a generator of Co-semigroup {e*^}j>o. 
Denote, as usual, s{A) = supjReA : A G cr{A)} and oj{A) = infjcj : 
||e*^|| < Me"^*}. 

A classical result of A. M. Lyapunov (see, e.g., shows that for 
any bounded operator A G B{E) the spectrum (t{A) of A is responsible 
for the asymptotic behavior of the solution y(t) = e'^^yi^O) of the above 
equation. For example, if cr(v4) is contained in the left half-plane, that 
is s{A) < 0, then the trivial solution is uniformly asymptotically stable, 
that is uj{A) < 0, and He*"^]! — as t ^ oo. This fact follows from the 
spectral mapping theorem (see, e.g., pip : 

a(e*^)\{0} = expta{A), t > 0, (1) 

which always holds for bounded A. 

For unbounded A, equation ([l|) is not always true. Moreover, there 
are examples of generators A (see [^) such that even s{A) < does 
not guarantee uj{A) < and He*"^!! ^ as t ^ oo. Since <j{A) does not 
characterize the asymptotic behavior of the solution f (■), we would like 
to find some other characterization that still does not involve solving 
the differential equation. 

^This author was supported by the National Science Foundation under the grant 
DMS-9201357. 



In this paper we solve precisely this problem in the following manner. 
Consider the space Lp{R; E) of -E- valued functions for 1 < p < oo, or 
the space Co(M; E) of continuous vanishing at ±00 functions on M, and 
the semigroup {e^^}t>o of evolutionary operators 

(e*^/)(x) = e*^/(x-t),t>0, (2) 

generated by the operator B that is the closure of — ^ + A, a; G M. It 
turns out that it is cr{B) in Lp(]R; E) (or in Co(M; E)) that is responsible 
for the asymptotic behavior of f (■) in E. For example, s{B) = uj{A), 
and s{B) < in Lp(R; E) or Co(M; E) implies ||e*^|| ^ as t ^ 00 on 
E. 

The order of the proofs is as follows. First, we consider the evolu- 
tionary semigroup {e^^} in the space Lp([0, 27r]; i?) or C([0, 27r]; of 
27r-periodic functions. We prove that 1 ^ a[e'^'^^) in E is equivalent to 
1 ^ a(e2'^^) or ^ a{B) in Lp([0, 27r]; or C([0, 27r]; E). The main 
part of the proof uses a modification of an idea due to C. Chicone and 
R. Swanson [Q. Next, using this result, we give a variant of the spectral 
mapping theorem for a semigroup {e*"^} in a Banach space E. This 
spectral mapping theorem is a direct generalization of L. Gearhart's 



spectral mapping theorem for Hilbert spaces (see, e.g., |22, p. 95]), 
and is related to the spectral mapping theorem of G. Greiner [pTj p. 
94]. Finally, using a simple change of variables arguments, we prove 
that a(e*^) n T = 0, t ^ in T = {2 : 1^1 = 1} is equivalent 
to a{e^^) n T = 0, t 7^ which in turn is equivalent to ^ (^{B) in 
Lp(M; E) or Co(M; E). 

We will also consider the well-posed nonautonomous equation v' = 
A[x)v in E, and its associated evolutionary family {U{x, s)}^.>s, which 
can be thought as a propagator of this equation, that is v{x) = U (x, s)v{s). 
We assume that U{- , ■) is strongly continuous and satisfies the usual 
( [pl| , p. 89]) algebraic properties of the propagator. Instead of the 
semigroup given by (|^) we consider on Lp{R] E) or Co(M; E) the evo- 
lutionary semigroup 

{e^^f){x) = U{x,x-t)f{x-t), a;GM,t>0. (3) 

We will show that cr(G) characterizes the asymptotic behavior of f (■) 
and prove the spectral mapping theorem for the semigroup 



We will be considering not only stability but also the exponential 
dichotomy (hyperbolicity) for the solutions of the equation v' = A{x)v 
or evolutionary family {U{x,s)}. We say, that an evolutionary fam- 
ily {U{x, s)}x>s is (spectrally) hyperbolic if there exists a continuous 
in the strong sense, bounded, projection- valued function P : M ^ 
B{E) such that: a) The norm of the restrictions U{x, s) ImP(s) (resp. 

U{x,s) Ker P(s)) exponentially decreases (resp. increases) with x — s, 

and b) lmU{x,s) KerP(s) is dense in KerP(x). Note, that b) au- 
tomatically follows from a) if the operators U{x, s) are invertible and 
defined for all (x, s) G M^. This happens, in particular, if U{- , ■) is a 
norm-continuous propagator for the differential equation v' = A{x)v 
with continuous and bounded A : M ^ B{E). For this case the hy- 
perbolicity of {U{x, s)} coincides with the exponential dichotomy (see, 
e.g., 0) of the equation. However, generally a) does not imply b) (see 

my 



Exponential dichotomy in the theory of differential equations with 
bounded coefficients on £" is a major tool used for proving instabil- 
ity theorems for nonlinear equations, and for showing existence and 
uniqueness of bounded solutions and Green's functions, etc. (see, e.g. 
1^ 1^). The spectral mapping theorem for the semigroup (^ which is 
given here allows one to extend these ideas to the case of unbounded 
coefficients. 

It turns out that the spectrum o"(e**^) for nonperiodic A[-) plays the 
same role in the description of exponential dichotomy as the spectrum 
of the monodromy operator does in the usual Floquet theory for the 
periodic case. That is, the condition a(e*^) n T = 0, t ^ 0, or equiv- 
alently ^ cr{G), is equivalent to the (spectral) hyperbolicity of the 
evolutionary family {U{x, s)}x>s- 

Showing that the hyperbolicity cr(e*^) fl T = of the operator e'^ 
implies the hyperbolicity of {f/(x, s)} is a delicate matter. It turns 
out that the Riesz projection V for e'~^ on Lp{E.,E) or Co(M;i?), that 
corresponds to 0"(e'^) fl D, D = {z : |z| < 1}, has the form {Vf){x) = 
P{x)f{x). Here P(-) is a continuous in the strong sense, projection- 
valued function, that defines the hyperbolicity of {U{x,s)}. Note that 
e'^ = aR, where a is an operator of multiplication by the function 
a(x) = U{x,x — 1), that is (a/)(x) = a{x)f{x), and P is a translation 
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operator = /(x — 1), x E M. Therefore, e*^ falls into the class 

of so-called weighted translation operators, which are well-understood 
in the case that E is Hilbert space and p = 2 (see 0, |18|, 0, and 



also p, ^ and references therein). If U{- , ■) is norm-continuous, then 

V is an operator from a C*-algebra generated by R and the C*-algebra 
2t„c of operators of multiplication by the norm-continuous, bounded 
functions from M to B{E). The techniques from the theory of weighted 
translation operators (see ^ 0, |TB|, ^) allows one to conclude that 

V G 2t„c- This technique is not applicable to the case where {U{-,-)} 
is only strongly-continuous, nor also to the case when E is not Hilbert 
space. 

In this paper we present some new approaches, which allows one to 
derive the above result for any Banach space E and is new even for the 
Hilbert space case and when it is only known that U{-,-) is strongly 
continuous. The main idea is to "discretize" the operator aR, that is 
to represent it by the family of operators nrc{a)S, x G M, acting on the 
"discrete" space lp{Z;E). Here S : (t'„)„ez ^ {vn-i)n& is the shift 
operator and 7ra.(a) : (f„)„gz ^ (ciix + n)vn)n& is a diagonal operator 
on /p(Z; E). This idea goes back to the theory of regular representations 
of C*-algebras |6[, and is related to works [|, |, |13|, |16|, [l^, ig. As a 
result we prove that a{aR)nT = in Lp(M.; E) implies cr (tTj,. (a) 5) flT = 
in /p(Z; E) for each x G R, and derive from this fact that P G 21, 
where 21 is the set of bounded functions a : M ^ B{E) which are 
continuous in strong operator topology on B{E). 

We point out that the investigation of evolutionary operators (0)-(^ 
has a long history, probably starting from (see also [0, |n|, ^). 
Recently significant progress has been made in the papers P, |[ ^ ^ 



It is these papers that essentially motivated and influenced this present 
work. 

Finally, the results of this article can be generalized to the case of the 
variational equation v'{t) = A{(p^x)v{t) for a flow {v?*} on a compact 
metric space X, or to the linear skew-product flow 0^ : X x E 
X X E : {x,v) ^ (y?*x,$(x,t)w), t > (see [|, |18|, |2|, l^] and 
references contained therein). Here $ : X x M_|_ —>■ L{E) is a cocycle 
over ip\ that is, $(x, t+s) = $(v9*x, s)$(x, t). Let us recall (see [|9|, pO|) 
that part of the purpose of the theory of linear skew-product flows was 
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to be able to handle the equation v' = A{t)v in the case when A[-) is 
almost-periodic . 

To answer the question when 0* is hyperbolic (or Anosov), instead 
of (H) one considers the semigroup of so called weighted composition 
operators (see ||^, |T5|, |18[) on Lp{X; /i; E): 



Here /i is a (y9*-quasi-invariant Borel measure on X. As above, the 
condition cr(T*) fl T = is equivalent to the spectral hyperbolicity of 
the linear skew-product flow <^*. The spectral hyperbolicity coincides 
with the usual hyperbolicity if ^{x,t), x G X, t > are invertible or 
compact operators. A detailed investigation of weighted composition 
operators and their connections with the spectral theory of linear skew- 
product flows and other questions of dynamical system theory may be 
found in ^ (see also [0). 

We will use the following notations: © = {2; : |2;| < 1}; T = {2; : = 

1}; " " denotes the restriction of an operator; !)(■) = 'Dpi-) denotes the 

domain of an operator in a space F; a{-) = (t(- ; F) denotes the spec- 
trum; <7ap{-) = aap{- ; F) denotes the approximative point spectrum; 
(Tr(-) = crr{- ; F) denotes the residual spectrum; and p(-) = p(- ; F) de- 
notes the resolvent set of an operator on F. For an operator A in ii^ we 
denote by A the operator of multiplication by A in a space of i?-valued 
functions: {Af){x) = Af{x), f -.R^E. 

The authors would very much like to thank C. Chicone for help and 
suggestions, and R. Rau for many illuminating discussions. 

The authors also would like to thank the referee for the suggestion 
to shorten the proof of Theorem 2.5 and Remark below. 



2. Autonomous Case 

Let A be a generator of a Co-semigroup {e*^}t>o on a Banach space 

E. The semigroup is called hyperbolic if a{e^^) fl T = for t ^ 0. 

In this section we will characterize the hyperbolicity of the semigroup 

{e*^} in terms of evolutionary semigroup {e^^}t>o and its generator B. 

This semigroup acts by the rule {e^^ f){x) = e^^f{x — t) on functions 

/ with values in E. In Subsection 2.1 we consider {e*'^} acting on the 

5 



space Lp{[0,27i]] E) and C{[0,2n]; E). In Subsection 2.3 {e*^} acts on 
Lp{R; E) and Co{R;E). Subsection 2.2 is devoted to a spectral map- 
ping theorem for {e^^}t>o on E which generahzes the spectral mapping 
theorem of L. Gearhart for Hilbert space. 

2.1. Periodic Case 

Let F denote one of the spaces Lp{[0, 27r], E),l < p < oo or C([0, 27r], E) 
of 27r-periodic i?- valued functions /, /(O) = /(27r). Consider the evo- 
lutionary semigroup {e^^}t>o acting on F, defined by the rule 

(e*^/)(x) = e*^/([x-t](mod27r)), xG [0,27r]. 

Of course, [0, 27r] here was chosen for convenience, and for a semigroup 
(e*'^/)(x) = e*^/ ([x — t] (mod to)) the proofs below remain the same 
for any to > 0. 

Note that e^^ in F is a product of two commuting semigroups {U^ f){x) = 
f{[x — t](mod2'7r)) and (e*"^/)(x) = e*'^/(x). Hence the generator B is 
the closure of the operator 

(Bof)ix) = -^f{x) + Afix), (5) 



where Bq is defined on the core V[Bq) of B (see pT| , p. 24]). Moreover, 
Vp{Bo) = Vp{—d/dx) n Vp{A), where the derivative d/dx is taken 
in the strong sense in E, and VpiBo) = {/ : [0, 27r] V{A) f G 
F is absolutely continuous, -^f G F, and Af G F}. 

Since Be"-^' f{-) = e''^'{B — ik)f{-), k e Z, for the operator {Lkf){x) = 
e**^^/(x) one has BLj. = Lk{B — ik). Therefore, the spectrum cr{B) in 
F is invariant under translations by i. 

We will need the following Lemma. 

Lemma 2.1. // 1 G o-ap(e^''^) m E, then G crap(5) m F. 

Proof. Fix m G N, m > 2. Since 1 G crap(e^'^"^), we can choose v E E 
such that = 1 and ||w — e^''^t;||£; < ^. Note also that ||e^''^f > 

m 

Let a : [0, 27r] ^ [0, 1] be any smooth function with bounded deriv- 
ative such that a{x) = for x G [0, ^] and a{x) = 1 for x G 2tt]. 
Define a function g : [0, 27t] —>■ E hj the the formula 

gix) = [1 - a(x)]e(2"+")^t; + a(x)e"^t;, x G [0, 27r]. (6) 
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Note that g{0) = g{2Tx) = e^'^\). Obviously, g^F. Also, 

(e*^^)(x) = [1 - a{x - t)]e(2-+-M^; + a{x - t)e"^t;, 

g e Vf{B), and 

{Bg){x) = a'{x)e^^[e^^\ -v], a; G [0, 2n]. (7) 

Let us denote a = max{|a'(x)| : x G [0,27r]} and b = max{||e'^'^|| : 
X G [0,27r]}. Note, that ||e^''^f|| = ||e(^''"''')^e''^t;|| < 6||e'''^f|| for any 
X G [0,27r]. 

First let us suppose that F = Lp{[0, 2n]; E). Then 



7Y}/ 



On the other hand, 



/•Stt Ott 97r 1 

> / We'^^rdx > —b~P\\e^^\\\P > —b-P{l - -y. 

J 3 3 77Z 

Finally, 



p 

Lp{[0,2tt];E) 



\\BgKiio,2.y,E) < (27r)V^- < 3'/'^ab'\\gh^^^o,2.y,E) ■ ^ 



m m — 1 ^g-j 

Since this holds for all m, it follows that G cXap^B). 
Now suppose that F = C{[0, 27c],E). Then 

\\Bg\\ci[0,2.],E) < -, \\9\\cilO,2n],E) > hmiE = Wc'^'M > 1 - - 

and hence 

\\Bg\\c([0,2n];E) < ^^^^ 1^ || C{[0,2^] ;£) • (10) 

Since this is true for all m, it follows that G aap{B). □ 

Theorem 2.2. Let F be one of the spaces Lp{[0,27T], E) , 1 < p < oo 
or C([0, 27i], E). Then the following are equivalent: 

1) le p{e^^^) m E; 

2) 1 G p(e2^^) m F; 

3) Oe p{B) m F. 

Proof. 1) ^ 2). Note that (e2^^/)(x) = e^^^f{x). Hence a{e^^^]E) = 
a{e^^^- F). Note also that a,(e2"^; E) = ^.(e^-^; F). 

2) =^ 3) follows from the spectral inclusion theorem e^'^"'^^^ C a{e'^^^) 
(see 0, p. 45]). 



3) 1). Assume G p{B;F) but 1 G (T(e2^^;E) = aapie^""^; E) U 
(j^(e^'''^; E). By Lemma |]T| it follows that 1 G crr(e^''^; E), and hence 
1 G arie"^^^; F). By the spectral mapping theorem for the residual 
spectrum (||2^, Theorem 2.5 (ii)]) it follows that ik G ar{B] F) for 
some G Z. Since a{B\F) is invariant under translations by z, we 
have that G cr(-B; F), contradicting 3). □ 



2.2. Spectral Mapping Theorem for Banach Spaces 
As it is well-known (see, e.g., pT|, p. 82-89]), that in general, the 



inclusion e*'^'^^^ C o"(e'^*), t 7^ for a Co-semigroup {e^^}t>o on a Ba- 
nach space E is improper. In particular, iZ C p{A) is implied by but 
does not imply 1 G p(e^'^'^). For Hilbert space i?, however, the follow- 
ing spectral mapping theorem of L. Gearhart (see [^l], p. 95]) is true: 
1 G p{e^'^'^) if and only if C p{A) and sup^g^ ||(y4 — «A;)""'^|| < 00. 
We will now give a direct generalization of this result to any arbitrary 
Banach space E. This generalization is related (but independent) to 



G. Greiner's spectral mapping theorem p. 94] that involves Cesaro 



summability of the series I]fc(^ ~ ik) ^t>, v E E. 

Theorem 2.3. Let {e*^} be any Co-semigroup on a Banach space E 
and let F be one of the spaces Lp{[0, 2tt], E), 1 < p < 00 or C([0, 2tt], E). 
Then the following are equivalent: 

1) lepie^^"^); 

2) iJj C p(v4) and there is a constant C > such that 

II ^(A - %k)-^e^^V^\\F < C\\ ^ ^''^V^Wf (11) 
k k 

for any finite sequence {ffc} C E. 

Proof. Consider the evolutionary semigroup {e^^}t>o on F from the 
previous subsection. Consider a finite sequence {vk} C E. Assume 
that {A — ik)~^ exists for all A; G Z. Define functions f,g^Fhj the 
rule 

fix) = J2iA-tk)-'e''''vk, g{x) = Y.e'^^vu, xG [0,27r]. 

fc k (12) 
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Since {A — ik) ^ : E ^ T^i.^)) o^is has Bf = g. Indeed 



(S/)(x) = -e*^/([x-t](mod2vr))^^^ 

= - ik)-^e'''''vk - ik{A - ik)-^e''''-'vk] = g. 

k 

1) ^ 2). If 1 G p(e^'^"^), then the inclusion iX C p{A) follows from 
the spectral inclusion theorem e^'^'^'-^^ C cr(e^'^"^). In accordance with 
part 1) ^ 3) of Theorem |2.2| , the operator B has bounded inverse B~^ 
on F provided that 1 G p{e'^'^^). Denote C = and consider 
functions (|1^). Then = II-S^^S'IIf < C'IIs'IIf, and ( |Tl| ) is proved. 

2) =^ 1). First, we show that 2) implies ^ aap{B). Indeed, the 
functions of type g in (|l^) are dense in F. If we let = {A — ik)~^Vk, 
then we note that the functions of type / are also dense in F. Now 
dn]) implies = ll^ll^ > C-i/||p, and ^ a^piB). 

Assume that 2) is fulfilled, but 1 G cr(e2-^) = ^.(e^-^) Uaap(e2-^). If 
1 G o"ap(e^''^) in E then, by Lemma [Z]], G aap{B), in contradiction to 
the previous paragraph. On the other hand, 1 G ar{e'^'^'^) implies, by 
the spectral mapping theorem for residual spectrum, that ik G crr{A) 
for some G Z, contradicting zZ C p{A). □ 

Remark. We note, that 1) =^ 2) can be also seen directly. Indeed, 
assuming 1), let us denote = (e^'"^ — I)~^e'^^, s G [0,27r]. Then 
the convolution operator 

{Kf){x) = J<p{s)f{x-s)ds 



is a bounded operator on F. But 

{A - ik)-^ = J e-^^^ie^^^ - ly^e'^ ds, k e Z, 



are Fourier coefficients of (p '■ [0, 27r] B{E). Inequality (|TT|) can be 
viewed as the condition of boundedness of K, which gives 2). 

Let us show now that Theorem |2.3| is really a direct generalization 

of L. Gearhart's Theorem, mentioned above. Indeed, for Hilbert space 
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E and p = 2, Parseval's identity implies: 

||5^(A-2A;)-VS,lU,([o,2.];S) = (27cJ2\\{A-tkrW 



E 

k ^ k 

( 

IIIIe*Sfc||L2([o,2^];S) = ( 27r^ ||t;fe|||J . 
k ^ k ^ 

Clearly, (p!T|) is equivalent to the condition sup{||(A — iA;)^^|| : A; G Z} < 
oo. 

We conclude this subsection by giving four more statements equiva- 
lent to 1) and 2) in Theorem p.3| : 

3) %L C p(v4) and there is a constant C > such that 

||5/||Li([0,27r];i<;) > || / || C([0,27r];i<;) 

for all / e C([0, 27r]; such that Bf E Li([0, 27r]; E); 

4) C p{A) and there is a constant C > such that 

||-B/||c([0,27r];ii;) > C'"l/||Li([0,27r];i<;) 

for all / G Li([0, 27r]; such that Bf G C([0, 27r]; E); 

5) C and there is a constant C > such that 

II - ^k)-'e"'^Vk\\c([o,M,E) < C|| Ee"'"^llLi([o,2.];B) 

k k 

for any finite sequence {v^} C E; 

6) iZ C p{A) and there is a constant C > such that 

II J2{A - lkyh'''''Vk\\L,([0,2n];E) < C|| ^ C^^^'t; || c([0,2^];i?) 
k k 

for any finite sequence {vk} C E. 

2.3. Real Line 

Consider now the evolutionary semigroup {e^^}t>o, 

(e*^/)(x) = e*^/(x-t) (13) 

acting on the space E = Lp{R;E), 1 < p < oo, or F = Co(R;E). 
Formula (^) is valid and the identities 

Be'^ f{-) = e'HB-zOf{-), ^ e M, 
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show that (j(e*^) in F is invariant under rotations centered at the origin, 
and that cr{B), aap{B) and (7r{B) in F are invariant under translations 
parallel to iR. 

First we state a simple lemma. Let be one of the spaces Fs = 
lp{Z;E), 1 < p < oo or Fs = Co{Z; E) (of sequences (f„)„gz such 
that f „ — ^ as n ^ ±00). Let S* be a shift operator on Fg, that is 
S : (vn) {vn_i). For an operator a on we will denote by Da the 
diagonal operator on Fg, acting by the rule Da : {Vn)ne'L ^ {ciVn)n&- 

Lemma 2.4. The following are equivalent: 

1 ) (j{a) n T = m F; 

2) a{DaS)r\T = % mFs. 

Proof. We will give the proof for the case when Fg — Ip — lp{Z;E). 
The case Fg = Co(Z; E) can be considered similarly. 

1) ^ 2). Since a{a) fl T = 0, there exists a Riesz projection p for 
a in E that corresponds to the part of the spectrum a{a) fl D. Define 
q = I — p, and consider in F complimentary projections Dp and D^. 
Since DaSDp = DaDpS, the decomposition Eg = ImDp (B ImDg is 
DajS'-invariant. For the spectral radius 

r(.)= lim ||(-ri|^ 

n—>-oo 

one has r{pap) < 1 and r{[qaq]~^) < 1 in E. Hence, r{DaSDp) < 1, 
r{[DaSDg]-') < 1, and aiDaS) n T = in F,. 

2) =^ 1). Assume that / — DaS is invertible in Ip, but for any e > 
there is a vector v & E such that \\v\\e = 1 and \\v — av\\E < e. Fix 
g > such that 

l-e^i <€, 

and define a sequence (vn) E Ip by Vn = e~'''"^'t; , n E "Z. Then 

I -DaS: {vn)„ez ^ (e-'^l^'l^; - av) + (e""!"! - e-«l"-^l)a^;) 
A direct calculation shows that 

||(/-D„5)K)l|,^<(l + ||a||)-e-||K)||,^, 

contradicting the invertibility of / — DaS in Ip. 

Let us show now that I — a has a dense range in E, provided I — DaS 

is an operator onto Ip. Indeed, for any u E E consider a sequence 

(w„) E Ip defined hj Uq — u and ii„ = for n 7^ 0. Find a sequence 
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(vn) e Ip such that (/ — DaS){vn) = {un), that is Vn — aVn-1 = Un for 
n G Z. But then for A; G N one has 

k 

n=—k 

= Vk- av^k-i + iVk - aVk), 

where 

fc-i 

yk= '"n- 

n=—k 

Therefore, Im(/ ~ a) 3 — ay^ —>■ u, since — > and av^k-i ^ as 
A; — >• oo. □ 

Theorem 2.5. Let F be one of the spaces Lp{M.;E), 1 < p < oo or 
Co(M; E), and let t > 0. Then the following are equivalent: 

1 ) (T(e*^) n T = zn 

2) a(e*-^) n T = zn F; 
<?; G p{B) m F. 

Proof. 2) ^ 3) foUows from the spectral inclusion theorem for {e*^}. 

3) ^ 2) we will prove for F = Lp{M.] E); the arguments for F = 
Co(ffi; E) are similar. 

Since cT(e*^) is invariant under the rotations with the center at origin, 
it suffices to prove that 3) implies 1 G p(e*^). Also, to confirm our 
previous notations, we will consider only the case t = 2tt. The proof 
stays the same for any t. 



The idea is to apply Theorem |2.2| , to show that 1 G p{e^'^^) is implied 



by G p{B'). Here the operator B' = -j-^-j^ + A acts on Lp([0, 2-n] x 
M; E), s G [0, 27r], X G M. Indeed, by formula (|) one has 5 = -£ + A. 
Hence, B' on Lp([0, 27r]; Lp(M; E)) is the generator of the evolutionary 
semigroup for the semigroup {e*'^} on Lp(K;E). But the change of 
variables u = [s — x](mod27r), v = x shows that p{B') = p(— ^ + A) = 
p{B). Let us now make this argument more formal. 
Consider the semigroups 

(e*^'/i)(s,a;) = e*^/i([s -t](mod27r), x-t), t > 0, sG[0,27r], x G M, 

(e*^/i)(s, x) = e^^h{s, x-t), t > 0, s e [0, 27r], x G M, 

and an invertible isometry J, 

{Jh){s, x) = h{[s + x](mod27r), x), 
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acting on the space 

Lp{[0, 27r] xR; E) = Lp{[0, 27r]; Lp(R; E)). 

Since e*^ acting on Lp{[0, 27r]; Lp{R] E)) is actually the operator of mul- 
tiplication by the operator e^^ in E), one has: 

(T(e*^) = (T(e*^) and Lp([0, 27r]; Lp(R; E))) = (t(5; Lp(R; E)). 

Also, 

Je*-^'/i^(s,x) = e*^/i([s + x-t](mod27r),x-t) = 
e*^J/i)(s,a;), 

and hence one has Je*^' = e*^J and JB' = BJ . Therefore, 

a(e*^) = (T(e*^') and = a{B') in Lp([0, 27r]; Lp(M; E)). 

Thus 3) implies G p(i3) and G p(5'). 

The semigroup {e*^'} acts on ivp([0, 27r]; Lp(R; by the rule 

(e*^7)(^) = e*^/([s-t](mod27r)), 

where /(s) = /i(s, ■) G Lp(R; for almost all s G [0, 27r]. Hence, {e*-^'} 
on the space i^p([0, 27r]; -Lp(M; i?)) is the evolutionary semigroup for the 
semigroup {e*-^} on Lp(R; E). Now one can apply the part 3) ^ 1) of 
the Theorem and conclude that 1 G p{e^'"^) on Lp(R; E). 

1) <^=> 2) we will prove for F = Lp{M.; E); the arguments for F = 
Co(R; -E) are similar. 

Let us denote, for brevity, a = e^'^"^ and {Rf){x) = f{x — 27r) on 
Lp(M; i?). Thus e'^'^^ = aR. Consider the invertible isometry 

j:Lp{R- E)^lp{Z- Lp([0,27r];E)) : 

/ ^ (/n), /n(s) = f{s + 2™), n G Z, s G [0, 27r). 

Let S : (/„) (-^ (/n-i) be a shift operator on ivp([0, 27r]; i?)). Then 
jaR = DaSj and a{aR) = a{DaS). Therefore, 2) is equivalent to 
o-{DaS)nT = 0. By Lemma this in turn is equivalent to a{a)nT = 
in Lp{R;E). □ 

Note, that 3) =^ 1) in the above theorem can also be derived directly 
by constructing a function g in a similar manner as in the proof of 
Lemma |2.1j . This proof will be given elsewhere. 
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3. Non-autonomous Case 



Consider a non-autonomous differential equation v'{x) = A{x)v{x), 
X & in E. We will assume that this equation is well-posed. This 
means that there exists an evolutionary family {U{x, s)}x>s (propaga- 
tor) for the equation, that is v{x) = U{x, s)v{s), x > s. Recall the 
definition of evolutionary family (see, e.g., |^ 

Definition 3.1. A family {[/(x, s)}x.>s of bounded in operators f/(x, s) 
is called an evolutionary family if the following conditions are fulfilled: 

(i) for each v E E the function {x,s) i-^ U{x,s)v is continuous for 

X > s; 

(ii) U{x, s) = U{x, r)U{r, s), U{x, x) = I , x > r > s; 

(iii) \\U{x, s)\\ < Ce^'^^~^\ x > s for some constants C, /5 > 0. 

The evolutionary family {?7(x, s)} generates an evolutionary semi- 
group {e**^}t>o acting on the space F = Lp{R;E), 1 < p < oo or 
F = Co{R; E) by the rule 

(e*^/)(x) = U{x, X - t)f{x - t), x e M. (14) 

In Subsection 3.1 we will prove the spectral mapping theorem a{e^'^)\{0} = 
^ta{G) ^ t ^ for {e**^}. We will achieve this by applying a simple change 
of variables argument (cf . the proof of Theorem |2.5| ) to deduce this from 



Theorem p.5| . In Subsection 3.2 we will prove that the hyperbolicity 
cr(e**^) n T = of the semigroup in F is equivalent to the so-called 
spectral hyperbolicity of the family {U{x,s)}. Spectral hyperbolicity 
is a generalization of the notion of exponential dichotomy (see, e.g., 
Pi) for the equation v'{x) = A{x)v{x) with bounded A : M B{E). 

3.1. The Spectral Mapping Theorem for Evolutionary 

Semigroup 

Let G be the generator of the evolutionary semigroup {e**^}(>o acting 
on the space F = Lp(]R; E), l<p<ooorF = Co(M; E) by equation 



Theorem 3.1. The spectrum a {G) is invariant under translations along 
the imaginary axis, and the following are equivalent: 

1) 0E p(G) on F; 

2) or(e*^) n T = on F, t > 0. 
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Proof. For any ^ G R it is true that e*'^e^«7(-) = e^«(-*)e*^/(-) and 
Ge*^' = e^^'{G — i^). Hence (T(e**^) is invariant under rotations cen- 
tered at the origin, and cr{G) is invariant under translations along the 
imaginary axis. 

2) ^ 1) follows from the spectral inclusion theorem for {e*^}. 
1) 2). We will first consider the case when F = Lp{M.;E), 1 < 
p < oo. 

The idea of the proof is almost identical to the proof of 3) =^ 2) from 
Theorem If f/(-, ■) is a smooth propagator for the equation v' = 
A{x)v, then G = — ^ + A{x). Consider the evolutionary semigroup 
for {e**^}, that is the semigroup with the generator B = —-^ + G on 
Lp{R; Lp{R; E)). Theorem |2j shows that 1 G p(e*^) is implied by G 
p(-B), where B = — ^ + y4(a;), s, x G M by formula (|^). The change 
of variables u = s — x,v = x shows that p{B) = p{—^ + A{v)) = p{G). 
Let us now make this argument more formal. 

Consider the semigroups {e*^}t>o and {e*^}t>o acting on the space 
Lp(M X R; = Lp(M; Lp(M; E)) by 

(e*^/i)(s, x) = U{x, X - t)h{s -t,x-t), (s, x) G M^ t> 0, 

(e*^/i)(s, x) = U{x, X — t)h{s, X — t). 

Note that e*^ in Lp{R; Lp{M.; E)) is the operator of multiplication by 
e*^, that is (e*^/)(s) = e*^/(s), where f{s) = ■) G Lp{R;E). 
Similarly, {gf){s) = = ■) for /(s) = ■) G PL,(R;i?)(G) 

for almost all s G R. 

Consider an isometry J on Lp{R x R; i?) defined by {Jh){s,x) = 
h{s + x,x). Then for h ^ Lp{R x R; E) one has: 

{e^^Jh){s, x) = U{x, X - t)h{s + x - t,x - t) = {Je^^h){s, x). 

(15) 

Also (|T^) implies 

gjh = JBh, h G V{B) and J'^Gh = BJ-^h, h G V{g). 

Therefore, a{g) = a{B) on Lp{R xR;E). 

Note that g on Lp{R x R; E) has bounded inverse {g^'^f){s) = 
G~^f{s), s G M, provided G has bounded inverse G~^ on Lp(R;E). 
Hence 1) implies G p{B). 

Let us apply the part 3) =^ 1) of Theorem ^3] to the semigroups 
{e*^} and {e*^}. To this end we note that (e*-^/)(s) = e*^/(s - t) for 
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/ : M ^ Lp{R]E) : s ^ h{s,-). Hence G on Lp{R; Lp{R; E)) 

implies cr(e*^) n T = 0, t ^ on Lp{R; E). 

The proof for the case F = Co(R; E) is identical, and uses exactly 
the same semigroups and isometries on Co(]R; F) = Co(]R x M; i?). □ 



3.2. Hyperbolicity 

Let {U{x, s)}x>s be an evolutionary family on a Banach space E. In 
this subsection we relate the (spectral) hyperbolicity of the evolutionary 
family and the hyperbolicity of the evolutionary semigroup {e**-^} on the 
space Lp = Lp(M; E) in the case when the Banach space E is separable. 
The case F = Co{M.] E) (without the assumption of separability) and 
the case of a Hilbert space E and p = 2 was considered in |2B[ . 

Definition 3.2. An evolutionary family {U{x,s)}x>s is called (spec- 
trally) hyperbolic if there exists a projection- valued, bounded function 
P : M ^ B{E) such that the function M 9 x i— > P{x)v E E is contin- 
uous for every v E E and for some constants M, A > and all x > s 
the following conditions are fulfilled: 

a) P{x)U{x,s) = U{x,s)P{s): 

b) \\U{x,s)v\\ < Me-^(^"")||i;|| if v e ImP(s), 
\\U{x,s)v\\ > M-ie^(^-")||t;|| if v e KerP(s); 

c) Im(f/(a;, s)| Ker P(s)) is dense in KerP(x). 

This notion generalizes the notion of exponential dichotomy (see, 
e.g., 0) for the solutions of differential equation v'{x) = A{x)v{x), 
a; G M, with bounded and continuous A : M — >• B{E). In this case the 
evolutionary family (propagator) {U{x, s)}(^x,s)m^ consists of invertible 
operators, the function {x,s) ^ U{x,s) is norm-continuous, and P(-) 



from Definition |3.2| is also a bounded, norm-continuous function P : 
B{E). 

The second inequality in b) implies that the restriction U{x, s) \ Ker P(s) 
is uniformly injective as an operator from KerP(s) to KerP(x) (that 
is ||[/(a;, s)f II > c||w|| for some c > and all v G KerP(s)). Thus 
condition c) implies that U{x, s) \ Ker P{s) is invertible as an opera- 
tor from KerP(s) to KerP(x). Obviously, if U{x,s) is invertible in 
E or dimKerP(x) < d < oo, condition c) in Definition 13.21 is redun- 



dant. The inequality dimKerP(a;) < d < oo holds, for example, if the 
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U{x, s) are compact operators in E ([R. Rau, private communication]). 
Generally, of course, b) does not imply c). 

/^From now on we will assume that the Banach space E is separable. 

As we will see below, the spectral hyperbolicity of the evolution- 
ary family {U{x, s)} is equivalent to the hyperbolicity a{e^^) fl T = 0, 
t > of the evolutionary semigroup {e*^}t>o in Lp{R;E). Therefore, 
by Theorem |3.1| the spectral hyperbolicity of the evolutionary family 
{U{x, s)}x>s is also equivalent to the condition cr(G) fl = 0. That 



is why we used the term spectral hyperbolicity in Definition A 
remarkable observation by R. Rau |^ shows that generally the condi- 
tion c) in Definition p. 2| cannot be dropped: there exists an evolutionary 
family that satisfies conditions a) and b) but (j(e*'^) fl T 7^ for the 
associated evolutionary semigroup. 

If the operator T = e*^ is hyperbolic in Lp(M; E), that is cr(T)nT = 0, 
we let V denote the Riesz projection for T, corresponding to the part 
(j(T) lying inside the unit disk D, and set Q = I — V. 

Lemma 3.2. If (y{e^^) n T = 0, t > 0, then V has a form {Vf){x) = 
P{x)f{x), where P : M B{E) is a bounded projection-valued function 
such that the function W 3 x ^ P{x)v & E is (strongly) measurable 
for each v & E. 

Proof. We will show first that 

XV = Vx (16) 

for any scalar function x ^ ivoo(K;M). Then we will derive that 
{Vf){x) = P{x)f{x) from 

Note that the decomposition Lp(R; E) = ImP©Im Q is T-invariant. 
Denote Tp = VTV = T\lmV, Tq = QTQ = T|ImQ. Note that 
(t{Tp) C ©, and Tq is invertible with o"(Tq^) C D in Im Q. Hence for 
some A, M > and all n G N, the following inequalities hold: 

||T;/||l, <Me-^"||/|U„ /GimP, (17) 
IIT^/IU, >M-V"||/|U^, /GimQ. (18) 

We show first that ImP = {/ G Lp(R; E) : T"/ ^ as n ^ 00}. 
Indeed, / G ImP implies that T"/ ^ by (17). Conversely, if T"/ — > 
0, then for / = V f + Q/, the inequality (18) implies 

IIQ/II < Me-^"||T^Q/|| < Me-^"{||r"/|| + WT'^fW} ^ 0, 
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and hence f ElmV. 

Consider on Lp = Lp(M.; E) the operator x of muhiphcation by x(') ^ 
Loo(M;R). Note that (T"x/)(a;) = x{x - n)(T"/)(x). Hence for / G 
ImP 

||T"X/|U, < llxlU^rVIlL, ^ as n ^ oo, 
and so xf ^ ImP. Thus, to prove (|16|), it suffices to show that / G 
Im Q imphes xf ^ 2- 

Fix / G Im Q. Recall that Tq is invertible on Im Q. Let /„ = Tg'^f, 
and define functions gn{x) = x{x + n)fn{x), n = 0, 1, . . . . Decompose 
dn = 'Pdn + Qfl'n- Siuce the decomposition Lp(R; i?) = ImP © Im Q is 
T-invariant, one has: 

xf = T^gn, Vxf = T^Vgn, Qxf = TQQgn, n = 0, 1, . . . . 
Now (17)-(18) imply: 

IIWII < Me-'^^WVgJ < Me-'^{\\gJ + \\QgJ} 
<Me-^nilxlU^II/.||+Me-^"||Qx/l|} 
< Me-^"{||xlU^Me-^"||/|| + Me-^"|| - 0, 

and hence xf ^ Q- Thus ([T6| ) is proved. 

In order to define P(-) such that {Vf){x) = P{x)f{x), fix m G Z 
and let Xmix) = 1 if x G [m, m + 1), and Xm{x) = otherwise. Let 
{e„}nez be a linearly independent set with dense span Eq. 

Consider the function / G Lp(M.;E), defined by f{x) = Xm{x)en. 
Since V is bounded on Lp{R;E), it is true that Pf G Lp{R;E). For 
X G [m, m + 1) define a vector P(x)e„ G -E as P{x)en = {Vf){x). For 

= En=l C^nCn G -Eq SCt P{x)v = T,n=l dnP{x)en. 

Let A be a measurable subset in [m, m + 1), and let xa be its char- 
acteristic function. Now (0) implies that 

/ \\Pix)vrEdx= [ \\xAiVxmv)ix)rEdx= I \\{Vxav){xWe dx 

- \\'P\\b{Lp{R;E)) J^W'^WEdx. 

Therefore, ||P(x)f||£; < ||'P||_b(Lj,) ||f ||e for a.e. x G M and all v G Eq. 
Hence, P{x) can be extended to a bounded operator on E, such that 
< ll^ll for a.e. x G M. That the function x i— > P{x)v is a 
measurable function for all v E Eq (and, hence, for all v E E) follows 
from the fact that the function x {Vf){x) is measurable. 
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To show that (Vf){x) = P{x)f{x) we can assume that / is a simple 
function, / = "EXA^Vk, where C [m^, m^ + l), G Z, and t;^ G Eq. 
Then (|16]) imphes: 

(P/)(x) =J2Xm,{x)(VXAkVk){x) = Y,XA^{x)P{x)Vk = P{x)f\x). 

□ 

Let us stress that the function P(-) above is only defined on a set 
Mq C M such that mes(R \ Mq) = 0. In Theorem |3]^ below we will 
establish that, in fact, this function P(-) can be extended to all of R as 
a continuous function (in the strong operator topology in B{E)). To 
prove this fact we will need a few definitions and Lemma. 

Let 21 be the set of all operators a in Lp(R; E) of the form (a/)(x) = 
a(x)/(x), where the function a : M — B{E) is bounded and the func- 
tion R 9 a; 1-^ a{x)v E E is continuous for each v E E. For a G 21 and 
x G R let us define an operator t^x{o) on /p(Z; E) by the rule 

7r^(a) = diag{a(x + : {vn)n& ^ {a{x + n)vn)n(ii- 

(19) 

Finally, let S : (fn)nez ^ {vn-i)n& be a shift operator on /p(Z; E). 

Let us denote: T = e*^, a(x) = U{x,x — 1), (i?/)(x) = /(a; — 1). 
Then T = aP. For A G T set b = XI - aR, and for a; G R set 
7r^(6) = A/ - 7r^.(a)S'. 

Lemma 3.3. If a{T) n T = m Lp(R; i/ien a{'Kx{a)S) n T = zn 
/p(Z; £") /or a// x G R. Moreover, for all X E T the following estimate 
holds: 

\\[T^x{b)r'^\\B{lj,{Z;E)) < \\b'^\\B{Lj,{M.;E)), X E R. (20) 

Proof. First, for any G R one has: 

TXx{a)SL = e~^^LTT,j.{a)S, 

where L is the operator (f„) i-^ (e*^"f„). Hence a{'n'rc{a)S) is invariant 
under rotations centered at the origin. Thus it suffices to prove the 
Lemma for the special case A = 1, that is, to show that if 6 = / — aR is 
invertible in Lp(M; E) then for each xq G M that the operator iixoib) = 
I — 7r^o(a)S' is invertible in /p(Z; E), and that estimate (0) is valid for 
this b and x = xq- 
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Further, it suffices to prove the Lemma only for xq = 0. Indeed, let 
us denote d{x) = a{x + xo), x G M for any fixed xq G R. Obviously, 



7i^g{I - aR) = I - 7r^.o(a)5' = / - 7ro(a)5' = ito{I - ciR). 

Consider the invertible isometry J^^ on Lp{R] E), defined as {Jxof){^) = 
/(x+Xo). Clearly, I—dR = Jxo{I—ciR)J~^. Hence, the operator J—ai? 
is invertible if and only if the operator b = I — aR is invertible, and 
||(/ — ai?)^^|| = ||&~^||. Therefore, the estimate (pOD for X — Xq follows 
from the estimate f^Ol) for x = 0. 



Thus our purpose is to prove if 6 = / — aR is invertible in Lp(M; E), 
then the operator 7ro(6) = I — 'Ko{a)S is invertible in E), and 

\\['^oib)]'^\\B{lp{Z;E)) < \\b''^\\B{Lp{R;E))- (21) 



We ffist show that for any (vn) G lp{'L\E) the following estimate 
holds: 

\\iVn)\\l^{I.;E) < \\b'^\\BiL^iR;E))\\Mb){Vn)\\l^iZ;E)- (22) 

Let us fix a sequence {vn)nez £ ^p(^; E), a natural number > 1, and 
e > 0. 

Recall that the function 3 x y—>- a{x)v & E is continuous for each 
V E E. Choose 6 < 1 such that 



\\[a{x + n) - a{n)]vn-i\\E < e. 

Define / G Lp(R; E) by f{x) = v., 
f{x) = otherwise. Since b is an 
follows that: 

N 

\\b-rBiLjbf\\l>\\f\\l= E 

n=-N 
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Vx G [0,5], n = -N,... ,N. 

(23) 



for X G [n,n + 6], \n\ < N, and 
invertible operator in Lp[W]E), it 



■n+5 ^ 

\\Vn\\^dx = 6 E ll^nT- 

„=_7V (24) 



On the other hand, using (^), one has: 

\mi= I \\f{x)-a{x)f{x-lWEdx 

^ rn+5 p-N+S 

= E / \\Vn - a{x)Vn^l\\E dx + \\V-n\\e 

rN+l+S 

+ / \\a(x)vN\\Edx 
Jn+1 

< E / \\vn - ain)vn-i - [a{x + n) - a{n)]vn-i\\E dx 

n=-N+l •'^ 

+ 5\\v.n\\e + "^niax ||a(a;)||P ■ \\vn\\e 



N 

< 5 E (||i;„, - a(n)f„_i||ij + e)P + 5||i;„Ar||| + 5max ||a(x)||^||i;Af||^ 



n=-N 

Combining this inequahty with (123), one has: 

N . N 

E \\vnr<\\b-'r^^,A E (ii^n-«(^K-iiu+er 

n=-N ^ n=-N 

+ Wv-nVe + max ||a(x)f ||t;Ar||^|. 
If e ^ and oo, then 

\ i/p 
LI 



{Vn)\\l^{1;E)<\\b ^\\b{lA E \\Vn-a{n)Vn-l 



) 



and ( p2D is proved. 

Note, that (p^) is sufficient to show (|21|) provided the operator 7ro(6) 
is invertible, and so it only remains to show that 7ro(&) is an operator 
onto E). 

Fix any (t>„) G lp(Ij]E) and let /(x) = U{x,n — l)vn-i, x E [n — 
1/2, n + 1/2), n G Z. Property (iii) from the Definition |3.1| of the 
evolutionary family {U{x, s)} implies that 

\\U{x,n-l)\\ <C'e^(^-"+^) <Cei'^forxG - 1/2, n + 1/2). 

Hence / G Lp(M; E). Since the operator b, defined by {hg){x) = g{x) — 
U{x, X — l)5f(a; — 1), is invertible in Lp(R; E), it follows that there exists 
a unique function g G Lp(M.; E) such that 

g{x)-U{x,x-l)g{x-l) = f{x) (25) 
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for almost all a; G M. Since 

-n+l/2 /•1/2 



l = T. , us)rds= [Y^us+n)r]ds<^, 



the sequence {g{s + n))„g2 belongs to /p(Z; i?) for all s G for some 
subset f2c(— l/2,l/2)of full measure. For each s G fi, let us define a 
function by the rule: 

{g{x), if n < X < n + s, 

2 ^ neZ. 

U{x, n + s)5'(n + s), ifn + s<x<n + -, 

Clearly, /i^ G Lp(M; i?) for each s G i7 because {g{s + n))nez G /p(Z; £"), 
and 

\\U{x,n + s)\\ < Ce^(^/2-') for x G [n + s, n + 1/2). 

We note that hg is a solution of equation (pS)). Indeed, for x G 
[n— 1/2, n+s], equation ( pSj) implies hs{x) — U{x,x—l)hs{x—l) = f\x). 
For xG[n + s, 72 + 1/2), one has: 

/;.s(x) — f/(x,x — l)/is(a^ ^ 1) = 

[/(x, n + s) [g{n + s) — U{n + s^n — 1 + s)g{n — 1 + s)] 
= f/(x, n + s)f{n + s) = f/(x, n + s)U{n + s,n — l)f„_i = /(x). 

But equation ( p5|) has only one solution (7 in Lp(M; E'). Hence g = hg 
for all s G 

Fix s < 0, s G fi. The function /is(-) is defined for x = n, n G 
Z. Moreover, the sequence (hs{n))n(zi, belongs to /p(Z;i?). Indeed, 
hs{n) = U{n,n + s)g{n + s), the sequence {g{n + s))n£i, G /p(Z; i?), and 
II [/(n,n + s)|| < Ce~^* by (iii) from Definition |3?T . 



Set = /is(^) H-'^n- Since /is(-) satisfies the equation ( psD for x = n, 
n G Z, we have: 

7ro(&)(Mn) = 

Un- U{n,n - 1)m„_i = /is(^) + Vn ~ U{n,n - l)hs{n - 1) - U{n,n - l)vn~i 
Vn + /is(n) -U{n,n- l)hs{n - 1) - /(n) = (f„). 

This identity proves that vro(6) is an operator onto Lp(Z; E). □ 



22 



Theorem 3.4. Let {U{x, s)}x>s be an evolutionary family in a separa- 
ble Banach space E, and let {e*'^}i>o he the evolutionary semigroup act- 
ing on -Lp(]R; E), 1 < p < oo by the rule (e*'^/)(x) = U{x,x — t)f{x — t). 
The following conditions are equivalent: 

1) {U{x, s)}x>s is (spectrally) hyperbolic in E; 

2) (T(e*^) n T = 0, t 7^ 0, zn Lp(R; E); 
<?; G p{G) m Lp(R;E). 

Moreover, the Riesz projection V that corresponds to the part cr(e*^)nD 
of the spectrum of the hyperbolic operator is related to a strongly con- 
tinuous, projection-valued function P : M ^ B{E) that satisfies Defi- 
nition HJ by the formula {Vf){x) = P{x)f{x), x eR, f E Lp(R; E). 

Proof. 2) <^=> 3) was proved in Theorem 

1) =^ 2). Without loss of generality assume t = 1. /^From the 
projection-valued function P(-) from Definition |3.2| , let us define a 
projection V in Lp{R] E) by the rule (Vf){x) = P{x)f{x). Denote 
Q = I — V. For T = e*^, condition a) of Definition |3.2| implies 
VT = TV. Set Tp = VTV and Tq = QTQ. Then b) implies 
a{Tp) C © in ImP = {/ G Lp{R; E) : f{x) E ImP(2;)}. Also b) 
and c) imply that the operator Tq, which can be written as {TQf){x) = 
Q{x)U{x,x — l)Q{x — l)f{x — l), is an invertible operator, and o"(Tq^) C 
D in Im Q = KeiV. Hence, a{T) n T = 0. 

2) =^ 1). Let 03 be a Banach algebra with a norm || ■ ||i consisting 
of the operators d on Lp(R; E) of the form 

oo oo 
d= CLkR^^OkE^, \\d\\l-= B{L^{R;E)) < oo. 

fc=— oo fc=— oo 

We first show that if 6 = A — T is invertible in Lp(R; E) for all A G T, 
then (A — T)~^ G *B. This fact will be proved in several steps. 

First, without loss of generality let A = 1. Since a{T) fl T = 0, by 



Lemma |3.2| the Riesz projection V has a form (Vf)(x) = P(x)/(x), 
where the function Mq 3 2; t— > P{x)v E E is a. bounded, measurable 
(in the strong sense in E) function for each v E E, where Rq is a set 
of full measure in R. Recall also that Q{x) = I — P{x). Decompose 
b = I -T = {V -Tp)®{Q- Tq). Since a{Tp) C © and ^(Tq^) C ©, 
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one has that b ^ = {V — Tp) 



where 



-1 



k=0 fc=-oo(26) 

Notice that Tq^ = (QaRQ)-^ = {QaQ{- - l)Ry^ = R-\QaQ{- - 
= [Q(. + l)a(- + l)Q(-)]-ii?-i, and that Tp = aRV = aP{- - 
1)R. Hence both operators Tp and Tq can be written as a^R^^ for 
some multiphcation operators a^. The Neumann series in (26) converge 
absolutely. Therefore, 



oo 



(27) 



b ^ = ^ akR^-, X! lkfc||B(Lp(R;£;)) < oo, 

k=—oo k=—oo 

for each A; G Z the function : Mq ^ B{E) is bounded, and the 
function Mq 3 3; i-^ ak{x)v G -E is measurable for each v & E. 

Our next aim is to show that the ak from (^) belong to 21, that is, 
the function x ^ ak{x)v G E extends to a continuous function from 
M for each v & E. To this end let us define for from (^) and all 
X G Mo the operator 7Tx{ak) in ^p(Z; E) as in (|I9D. Denote: 

7rx(&"^) = '^x{ak)S^, T^xia-k) = diag{afc(x + ra)}„gz for x G Rq. 

(28) 

Identities bb~^ = b~^b = / in Lp{M.; E) imply that 7Tx{b) ■ 7ix{b~^) = 
T^xib'^) ■ nx{b) = / in lp{Z; E) for x G Mq- Since the operator b is 
invertible in Lp(R; ii^) by assumption, for each a; G M the operator 
7r^(6) is invertible in /p(Z; E) by Lemma p.3[ Hence 

vrx.(ri) = [7r,.(6)]-i for x G Mq- (29) 

Recall that the function M 3 x i-^ a{x)v G is continuous for each 
V E E. Also, the function M 9 x II'3'(2;)|| ^ R+ is bounded. Hence 
for each (t>„) G lp{Z; E) the function R 9 x i-^ 7r^(&)('i^n) G lp{Z;E) is 
continuous. By Lemma 2]3| || [7r2:(&)]~^||_B(Zp) are uniformly bounded for 
X G M. This implies that the function R 9 x i— > ['n'x{b)]~^{vn) G /p(Zi; E) 
is continuous for each (vn) G /p(Z; i?). Indeed, 



-1 



xoib)] 

T^x{b) 



-1 



lp(Z;E) 



TT, 



(&)] ■ K(&)]"'(^. 



for any x, Xq G R, and the function R 3 x h-^ [tt^. 
is continuous at x = xq. 
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-\vn) G /p(Z;E) 



Fix ko G Z, xo G M, and v E E. Define ({;„) G /p(Z; E) as = 
and = for n 7^ — /eq. Consider a sequence Xm — xq, G Mq- We 
will show that {a^^ {xm)v}meN is a Cauchy sequence in E and will define 
aknixo)v = lim afc„(xm)f. Then the function M 9 x t— > afc„(x)f G -E 
becomes a continuous function, and G 21. 

Note, that the 7Tx^{b~^) are defined by the formula (^) since 
Mq- For the sequence (■?)„) one has the following estimate: 

\\[^^Ab-')-n^^,,ib-')]{dn)\\l 



> 



J2Mxm' +n) - ak{Xm" + n)]Vn-k 

p 

k 

llakoi^m') - 0'ko{Xm")]v\\E- 



(30) 



Since Xm G I^o, formula (|^) is applicable. Then the sequence 



Hvn) e 



is a Cauchy sequence in lp{Z; E) since the function R 9 x i-^ [vr^. 
/p(Z; i?) is continuous. In accordance with (30) the sequence {akQ{xm)v}mm 
is a Cauchy sequence in E, and a^o G 21. 

Since the a/c from ( P?] ) are continuous, we have proved that (A/ — 
T)-i G <B for all A G T. 

The rest of the proof is standard (cf. 0, [18|, ^). Indeed, consider 
the absolutely convergent Fourier series / : A t— A/ — aR\^ with the 
coefficients from 03. For each A G T, the operator /(A) = 6 is invertible 
in 03. Hence the function T 9 A i-^ [/('^)]~^ G 03 is expandable (see, 
e.g., 0) into an absolutely convergent Fourier series 



[/(A)] 



-1 



(A/ - ai?)-i = dkX", E \\dk\\ < oo, 4 e 03. 



fe=— oo 



By the integral formula (see, e.g., |P, p. 20]) for the Riesz projection V, 
we conclude that V = d^i G 03. Hence for some G 21 one has that 



V= (^kR\ where Y II 

fc=— oo fc=— oo 
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We will show that = for k 0, and P = ao G 21. Indeed, by 
(p!6|), xP = "Px foi' any bounded continuous scalar function x- Then 

x^-Px = E«^(-)[x(-)-x(--^0]^' 



0. 



Then by picking xq and x such that x(3^o) 7^ xi^o ~ ^) for A; 7^ 0, it 
follows that afc(xo) = 0, 7^ 0. □ 



As we have mentioned above, for the space Co{ 
of Theorem |3.4| was proved in [p^ • 



i]E), part 1) ^ 2) 
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